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MATHEMATICS

INVARIANTS OF FUNCTIONS ON A SPHERE 1)
BY

D. J. HOFSOMMER

(Communicated by Prof. A. vAN WIINGAARDEN at the meeting of May, 28 1960)

1. In this paper the following theorem will be proved. l.et f(, @)
and g(&, ) be functions given on a unit-sphere which admit of expansions
in terms of spherical harmonics, viz.

o o0 k | '
(1.1) f(9,0) =222 S S Fp Pp(cos 9) e,
T k=0 m=—Fk
ok +1 X & )
(1.2) g(v,p) = 4: kzo > ng" Pi*(cos ) e™?,
=0 m= —

then the quantities

(1.3) []‘, g]k Qg @ (ﬁ f(’ﬁ“, (p) g(’ﬁ', (p’)Pk(COS )/) dcry (Il(,x)’, kmO, l,, 2, ..
with

(1.4) cos v = cos 9 cos & +sin 9 sin & cos (p—g’)
are given by

ke
(1.5) gl = 2  FpGr™

m = —k

In (1.3) dow=s1n ¥ dJ do 1s a surface element of the sphere and § denotes
integration over the entire surface of the sphere.

Since y represents the angle between the radii to the points (9, @) and
(P, '), 1t tollows 1immediately from (1.3) that the [/, gz are invariants
in the sense that their numerical values are unaffected by rotations of
the coordinate system.

Instead of (1.1) we may write

(1.8) (9, @) = kzo fr (9, ),
. ke
(1.7) ‘ fk(ﬁ:(}?) _ Zk:;}—l z ,F}'c"‘ PZ"(COS ?9) e'imqv,
ms=s —k

and (1.2) similarly. This means, that the functions f(&#, ¢) and g(?, @)
are expanded in general spherical harmonics fx (9, ) and gx(9, @) respect-
ively. These harmonics are orthogonal, i.e.

(1'8) & fm(ﬁ; ‘P) gk(ﬁ? (P) dw =0, m# k,
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and they have the property !)

.4
(1.9) 6 fx(9', ') Pr(cos y) do' = g fe(d. @).

Because of the orthogonality of the f, with respect to the special surface
harmonic Px(cos v) we may replace fr by f in (1.9), or

(1.10) 6 (8 ¢') Pr(cos ) do’ = 527 (9. @).

Hence

(1.11) F,91k = &6 f(¥, ¢") 9(9, p) Pr(cos y) dw de’
= 52 6 1(0,9) 90, 9) do

4
— 216.:—1 @ fk(ﬁﬂ (p) gk(ﬁ? (p) d(l),

by aid of the orthogonality relation (1.8).
Since (1.7) is a Fourier expansion of f; with respect to ¢, Parseval’s
theorem is applicable. We find

87T e

27 . 7.
(112) [ fu(8,9) gr(8.9) dp = XL S Fpar» Pp(cos #) Pym(cos 9)
0

4k +1)2 & e —m)! o
S S (e e 2yt o
because of (k—m)! Pl'=(—1)"(k+m)! P ™.

By means of the normalization integral for associated Legendre
functions

L

(1.13) f [ P(cos ©)]2 sin ¢ d9 =

0

2  (k+m)!
2k +1 (b —m)!’

1t follows that

n  2n
471 .
1,91 = 5525 | | 16 (9,9) gu(8,9) dop sin & @9
O 0

which proves the theorem.
We note the following ‘“‘addition formula’

(1.14) [af +bg, ¢f +-dglx = aclf, f 1x + (ad + be)[f, glx + bd[g, g1,

which follows immediately from (1.3). This formula will be used in
another context [2].

2. The above theorem can be generalized to more dimensions in the
following way.

Ty T el

1) cf. e.g. [1], art. 49.
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Let u and v be two (p + 2)-dimensional unitvectors and let f(u) and
g(u) be two functions on the hypersurface of a (p-+ 2)-dimensional unit
hypersphere. Expansion of f and ¢ in surface harmonics gives

(2.1) Fu) = § frlw),  glu) = ki) g (u)

Again the surface harmonics are orthogonal, i.e.

(2.2) O fm(u) gr(u) dwy =0, m =k,

where dw, is an element of the hypersurface.

Furthermore (1.9) is a special case of a theorem of Funk and Heckz 1),
which states that
g O £(u-v) fr(u) doy = Ax fi(v),
1
]...3 ‘ 4 &29 k! F ~y Y
M - e Fa e v o i

—1
where C3?(x) is a Gegenbauer function.
It we take F(u-v) = C}?(u-v) which is a special surface harmonic
depending on one variable only, (2.3) becomes

4tp+1

(2.4) ® CP(u-v) fr(u) dwy = p 2T (3p) fe(v).

The Ar is evaluated by means of the normalization integral for Gegenbauer
polynomials

1
; _ 22~-v2(k4-p—1)!
(2.5) lf (PP =)0 ar = o S T I T

Because of the orthogonality of the surface harmonics it follows from
(2.4) that

4iv+1

(2.6) $ OF (u-v) {(u) dou = s (V)
Defining
(2.7) .9 =& § Ot (u-v) f(u) g(v) dewu dew,

we have, because of (2.6)

4730 +1 _
[/, 9]k = (p +21) T (3p) S fr(v) g(v) dws,

or, again using the orthogonality relation (2.2),

43n+1
(2-8) [f: g]k = Wm @ f!c (U) Q’k(u) dwu;

which is a generalization of (1.11).

Fr——

1) ef. e.g. [3] art. 11.4.
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In order to derive a generalization of the theorem (1.5) the surtace
harmonies fr(u) and gx(u) of degree & should be expanded in a series of
standard surface harmonics. (It is known, that for a given degree £k,

2k +p (k+P
k +......?.9__( p

Substitutions of these series in the r.h. member of (2.8) then gives an
expression containing the expansion coefficients. With increasing number
of dimensions, however, it becomes increasingly difficult to label the
expansion coefficients satisfactorily. Also several sets ot standard harmonics
of degree & can be used, depending on the choice of the coordinate system.
For these reasons a generalization of (1.5) is not well feasible.

The above remarks will be illustrated for the case p = 2 in the next section.

a complete set of harmonics exists, contammimg ) members 1).

3. To designate the points on a fourdimensional unit hypersphere, two
sets of coordinates are well suited, defined by the following sets of equations

(3.1) \ &1 = cos ¥ ? Xy = SIN ¥ COS @ ,
. ( 23 = sin & sin @ cos p, rg = sin 9 sin @ cos 1,
and

(3.2) { X1 = cos ¥ cos @, Xo = cos P sin g,

( x3 = sin & cos v, r3 = sin 9 sin .

Using the set (3.1) the surtace harmonics fr and ¢gr can be expanded
according to
k

7
N=yU M=—1n

(3.3)

o
( gr= 2 > @G@Prsinr @ (PEi(cos &) P™(cos @) eV

\ n=0 m= —n
The surface element reads
(3.4) dwy =sn? P di sin @ do dy.

Application of Parseval’s theorem and substitution of the normalization
integrals for the associated Legendre functions (1.13) and for the
(regenbauer polynomials (2.5) results in the expression

2 ) _— 4t . 4-n ]C ]C+?Z+1 < gm, n /(]
(3.5) [f’g]k’mk—}—lz m( )( ) > Fwen G,

M =0 n (/

Using the latter set of coordinates (3.2), the surface harmonics fr and ¢y
can be expanded according to

Ne= —F M= ~k-+|n|

k k~|n]| |
g fe= 2 > I ak Pi}f‘- i (cos 2 &) elmetny)
(3.6) " k- Inl
2 gk = > (n Pg‘g@-%n (cos 2 ) etimenw)

\ Ne= —~ K M= —k-|n]

1) ecf. e.g. [3] art. 11.2.
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where, in the summation over m, only those terms are retained for which
k—am—n is even.

The functions P™ are generalized associated Legendre functions,
detined by (comp [4])

o 108% 9§ tan2e
P.7(cos 2 9) & o3
(3.7) \ P )= 2T gt g
2 K (—s-+q+r, —s+qg—r; 1 4+2¢; —tan2 9).
They are orthogonal, i.e.
1
(3.8) | P&r(x) Pi7(a) dao = 0,

anc their normalization is given by (s 4 ¢+ r integer).
1

J ' ) 2 :'ZS :ZS
3.9 f Per(ao)12 da = < _.

—1

Furthermore

(3.10) PiT=Pl:T=(—-1)2P;%" (2¢ integer).
The surface element now equals

(3.11) dwy =% sin 29 & do dy.

Twofold application of Parseval’s theorem and substitution of the
normalization imtegral (3.9) and the surface element (3.11) results in the
eXPression

19 _n o2 12 X k—|n| s L [P —
» 000 = (] 2, 3 Germsm) (e menm) FE7677

where, in the summation over m, only those terms are retained for which
k—m—n 1s even.

4. The results of section 1 have been obtained in the course of an
Imvestigation concerning the expansion of the Karth’s topography in a
series of spherical harmonics [5]. A related result has been obtained by
H. C. vaNn pEr Huwrst. In a private communication to the author,
A. ErRDELYI suggested that the theorem be generalized to more dimen-
sions. This 1s done in the remaining sections.
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